One refinement of Weitzenbock'’s inequality
https://www.linkedin.com/feed/update/urn:li:activity:6548066076587098112
Prove that in any A4BC

a’+b?+c* > 48 i(a2+b2+c2)(i+i+i>—i
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where S'is area of A4BC.

Solution by Arkady Alt, San Jose, California, USA.

We will denote area of AABC via F and let R, r,s be circumradius. inradius and
semiperimeter of AABC. Letx :==s—a,y :=s—b,z :=s5—c,p := Xy +yz+2zx,q = xyz.
Then, assuming s = 1 (due homogeneity) we obtain x,y,z > 0,x+y+z = l,a = 1 —x,

b=1l-yc=1-zr= %H(x—a):ﬁ,abc=p—q,F=ﬁ,
ab+bc+ca=1+p,a*>+b*+c*=2(1-p)and a?b? + b>c> + c*a* =
(ab+ bc +ca)? —2abc(a+b+c¢) = (1+p)* —4(p—-q) = (1 —p)* +4q.
and, therefore,
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Since3p =3(xy+yz+zx) < (x+y+z)>=landp > 0thent = [T-3p,p = 1_Tt2
and p € (0,1/3] < 1  [0,1). Also note that ¢ = xyz < 2V *Z  WHIZ+ax _ P
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and * g <

(it is the best upper bound for ¢) then
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*Lettr e [0,1)and p = I_th then Vieta’s System of equations

x+y+z=1
1) xy+yz+zx = p is solvable in real x,y,z > 0 iff

Xyz =4
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Remark 1.
Trying to use for ¢ more simple upper bounds, such as p?/3 and
p*/(4 —3p) don't led to success.
Remark 2.
Inequality of the problem can be considered as refinement of
Weitzenbdck’s inequality a? + b* + c2 > 4,/3 F, which is different from
Hadwiger—Finsler inequality
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Indeed, =-(a” +b +C)(a2+b2+02) >Z5 -5 =3



